Abstract. We show that the location of the first singularity of the Upsilon function of an algebraic knot is determined by the first term of its Puiseux characteristic sequence. In many cases this gives better bounds than the tau invariant on the genus of a cobordism between algebraic knots.
Introduction
The slice genus, or 4-genus, g 4 of a knot K is the minimal genus of a smoothly embedded oriented surface in B 4 whose boundary is K. A cobordism between two knots, K 0 , K 1 ⊂ S 3 , is a smoothly embedded oriented surface in S 3 × [0, 1] with boundary K 0 × {0} ∪ −K 1 × {1}. It is easy to see that the genus of any cobordism between K 0 and K 1 is bounded below by |g 4 (K 1 ) − g 4 (K 0 )|. If a cobordism of genus |g 4 (K 1 ) − g 4 (K 0 )| exists, it is called minimal. A natural question asks, for given knots, whether a minimal cobordism exist. See [Bad12, Fel14, Fel15, OSt13] for related work.
For algebraic knots, if the cobordism is algebraic, that is, if the cobordism is the transverse intersection of a smooth algebraic curve with the compact domain enclosed by two spheres of different radii in C 2 , then a corollary of the Thom conjecture asserts it is minimal. Even if an algebraic cobordism does not exist, there might be a smooth one which is minimal. In this note we will give new families of examples that do not have smooth minimal cobordisms at all.
There is an obvious relationship between a minimal cobordism and a minimal unknotting sequence: if K 1 is a knot with the same 4-genus and unknotting number and K 0 appears in some minimal unknotting sequence for K 1 , then there is a minimal cobordism between K 0 and K 1 . In [BL13] , Borodzik and Livingston proved the following result by semicontinuity of semigroups. This theorem originates from the nonexistence of a positively minimal self-intersecting concordance, but it does not imply the nonexistence of a minimal cobordism, which we will prove as an easy corollary in this note.
Theorem. If there is a minimal cobordism between the torus knots T a,b with 0 < a < b and T c,d , and g 4 (T a,b ) g 4 (T c,d ), then a c. Moreover, we will express this generally for algebraic knots (see Corollary 8).
A numerical invariant τ was introduced in [OSz03] . It gives a homomorphism from the smooth concordance group to Z and satisfies |τ | g 4 . For any positive torus 
Although τ cannot be used to prove the above theorem, one may wonder if the Tristram-Levine signature function can. We will give a counterexample showing it cannot (see the remark after Corollary 8).
The invariant we will use to obstruct the minimal cobordism is called the Upsilon function, which generalizes τ . In [OSS14] this function, Υ K (t) : [0, 2] → R, is associated to any knot K ⊂ S 3 . It is derived from the knot Heegaard Floer homology and it is shown to be a concordance invariant. It satisfies the symmetry property Υ K (2 − t) = Υ K (t). The important property we will use is the following. 
Note that Υ is a piecewise linear function and its slope near t = 0 is −τ . It then follows that the Upsilon function near t = 0 does not obstruct minimal cobordisms. Since Ozsváth, Stipsicz and Szabó show Υ is fully computable for L-space knots in terms of the Alexander polynomial ([OSS14, Theorem 6.2]), we will use such a computation to determine the value of Υ to the right of its first singularity so that a stronger obstruction than τ is obtained. This note is organized as follows. Section 2 gives a brief account of the theory of algebraic knots and iterated torus knots. Section 3 computes the first singularity of the Upsilon function of an algebraic knot in terms of its classical invariants. Section 4 uses the results of Section 3 to obstruct minimal cobordisms and some examples are given. Acknowledgments. The author wishes to express sincere thanks to Professor Charles Livingston for proposing this study and carefully reading a draft of this paper. Thanks also to Professor Maciej Borodzik for valuable comments. The author recently learned that similar results to those presented here have been obtained by Peter Feller independently.
Algebraic knots as iterated torus knots
We refer to [Wal04, EN85, Mil68 , §10] for a general introduction to singular points of complex curves.
By an isolated plane curve singular point we mean a pair (C, z), where C is a complex curve in C 2 and z is a point on C, such that C is smooth at all points sufficiently close to z, with the exception of z itself. For a sufficiently small r > 0, C intersects the ball B(z, r) ⊂ C 2 transversally along a link L and C ∩ B(z, r) is topologically a cone on this link. The link L will be called the link of the singular point. A singular point is called cuspidal or unibranched if L is connected, that is, if L is a knot. A knot that arises in this way is called an algebraic knot.
Any cuspidal singular point is topologically equivalent to a singular point which is locally parametrized by x = t q 0 , y = t q 1 + · · · + t q n , where q 0 < q 1 < · · · < q n are positive integers. There is a unique such representation if we further assume gcd(q 0 , · · · , q i ), denoted by D i , does not divide q i+1 and D n = 1. Such a sequence (q 0 ; q 1 , · · · , q n ) is called the Puiseux characteristic sequence of the singular point. Sometimes the first term q 0 of this sequence is called the multiplicity of the singular point.
For any singular point (C, z) one can associate a semigroup S ⊂ Z 0 . Let ϕ(t) = (x(t), y(t)) be a local parametrization of C ∩ B(z, r) near z; that is, ϕ is analytic and gives a homeomorphism from an open neighborhood of 0 ∈ C to C ∩ B(z, r) such that ϕ(0) = z. Then ϕ induces a map ϕ * : , whose parameters are determined by (q 0 ; q 1 , · · · , q n ). Also, the semigroup S is determined by (q 0 ; q 1 , · · · , q n ). The details are as follows.
Proposition 2. Let (C, z) be a cuspidal singular point with Puiseux characteristic sequence (q 0 ; q 1 , · · · , q n ) and K be its link.
(i) ([Wal04, p.83 Theorem 4.3.5(i)]) The semigroup S is generated by s 0 , s 1 , · · · , s n .
(ii) ([Wal04, p.121 or Theorem 9.8.1]) The knot K is an iterated torus knot Finally we remind the readers that g = g 4 for algebraic knots [KM93] . A knot Floer approach can be found in [OSz03] .
The Upsilon function of algebraic knots
We refer to [OSS14] for the definition of the Upsilon invariant. For our purpose, we only need to know that Υ is a piecewise linear function and its slope near t = 0 is −τ . Also, |τ | = g = g 4 for algebraic knots [OSz03] , as mentioned in Section 1.
In [OSS14, Theorem 6.2], the Upsilon invariant of L-space knots is computed in terms of the Alexander polynomial. Alternatively, it can be expressed in terms of semigroups for algebraic knots as follows. 
Remark. Recently, [BH15] shows that the Upsilon function of an algebraic knot is a Legendre transform of a function determined by algebraic invariants of the knot, related to d-invariants of surgery on K.
We will prove the following Theorem 5. Let K be an algebraic knot with genus g and the first term of its Puiseux characteristic sequence a. Then Υ K (t) = −gt for t ∈ [0,
Thus the shape of Upsilon function for an algebraic knot looks like the following graph. 
Applications to minimal cobordisms between algebraic knots
Using Theorem 5, we easily get Corollary 8. Let K 0 and K 1 be two algebraic knot with the first term of their Puiseux characteristic sequence a and c, respectively. If a > c and g
; that is, there is no minimal cobordism between K 0 and K 1 .
Proof. Evaluating at t = 2 c (which is greater than
Remark. This result cannot be obtained by using the Tristram-Levine signature function as an obstruction. For example, Corollary 8 implies that there is no minimal cobordism between the torus knots T 4,5 and T 3,10 . However, using a combinatorial formula [Lit79, Proposition 1] for the Tristram-Levine signature functions of torus knots (also see, for example, [Fel14, Lemma 15] or [Bad12, (1)]), one computes that the absolute value of the signature function of T 4,5 # − T 3,10 is bounded above by 6. The strongest consequence of this is that the minimal genus of cobordisms between T 4,5 and T 3,10 is 3, which equals g 4 (T 3,10 ) − g 4 (T 4,5 ).
Since algebraic cobordisms are minimal, we have Corollary 9. Let K 0 and K 1 be two algebraic knot with the first term of their Puiseux characteristic sequence a and c, respectively. If g 4 (K 0 ) g 4 (K 1 ) and there is an algebraic cobordism between K 0 and K 1 , then a c.
Due to the relationship between a minimal cobordism and a minimal unknotting sequence mentioned in the introduction, we have Corollary 10. Let K 0 and K 1 be two algebraic knot with the first term of their Puiseux characteristic sequence a and c, respectively. If K 0 appears in some minimal unknotting sequence of K 1 , then a c.
Proof. For algebraic knots, the unknotting number u is bounded above by , c) and (a, 3b, c) , respectively. It is easy to verify that g 4 (K 0 ) g 4 (K 1 ). Thus there is no algebraic cobordism between K 0 and K 1 . Also K 0 cannot appear in any minimal unknotting sequence of K 1 .
For example, if we take a = 4, b = 10, c = 31, then K 0 and K 1 have Puiseux characteristic sequences (8, 10, 31) and (4, 30, 31), respectively. This means K 0 = (T 4,5 ) 2,61 and K 1 = (T 2,15 ) 2,61 . Hence (T 4,5 ) 2,61 cannot appear in any minimal unknotting sequence of (T 2,15 ) 2,61 .
